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Abstract. Let g be an untwisted affine Kac-Moody algebra over the field C, and let U q (o) 
be the associated quantum enveloping algebra; let Uq(g) be the Lusztig's integer form of 
Uq(o), generated by (/-divided powers of Chevalley generators over a suitable subring R of 
C(q). We prove a Poincare-Birkhoff-Witt like theorem for ilq(g), yielding a basis over R made 
of ordered products of gr-divided powers of suitable quantum root vectors. 
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03 ■ di un'altra gia nota 
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Let q be an untwisted affine Kac-Moody algebra, and let U q (g) be the associated quan- 
tum enveloping algebra. In [Bel], [Be2], quantum root vectors are defined, and a basis of 
Poincare-Birkhoff-Witt type for U q (g) is constructed, made of ordered monomials in the 
quantum root vectors. 

Now let ilq(fl) be the Lusztig's integer form of U q (g), generated over Z [q, q~ x ~\ by q- 

divided powers E\ n \ for technical reasons, we shall use a larger ground ring R. In 

this paper we find a PBW basis of ii q (g) as an i?-module, made of ordered products of 
g-divided powers of (suitable renormalizations of) quantum root vectors. 

As a first step we reduce the problem to finding a basis for 11+ (the positive part of 
itg(g)). Second, we exploit the duality among PBW basis in U q and in U~ - proved in 
[Da2] — to get from there our key result, namely finding a basis of if+. 

Such an approach is entirely different from the classical ones, to be found in [Ga] and 
[Mi]; on the other hand, the comparison with the classical setting is quite interesting: this 
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is sketched in the last section, where also a second PBW theorem is proved and some 
further conjectures are presented. 
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§ 1 Notations 

1.1 The classical data. We shall adopt notations of [Da2], which we recall in this 
section (they follow [Bo] and [Ka]). 

Let g be a simple finite dimensional Lie algebra over the field C of complex numbers, 
and consider the folllowing data. 

Io = {1, . . . , n} , the set of vertices of the Dynkin diagram of g (see [Dal] for the identifi- 
cation between Iq and {1, . . . , n}); f) a Cartan subalgebra of g, generated by {hi, . . . , h n } = 
{ hi | % G I } ; $ = $o,+ U (-$o,+) Q f)* the root system of g, with $ ,+ the set 
of positive roots, and IT := {ai, . . . ,a n } = { cti | i G Io } the set of simple roots; 
Qo ■= E ae $ z « = ®iei %>®i the root lattice of g, and Q% := J2 a e$> ZcfcV = ®iei Za i 
the coroot lattice; Wo the Weyl group of g. Finally, we fix a function o : Io — > {±1} such 
that aij < =^ o(i) o(j) = —1 . 

We denote g the untwisted affine Kac-Moody algebra associated to g and we consider 
its loop-algebra like realization as 

g = g ©c C [t, t' 1 ] © C • c © C • d 

with the Lie bracket given by: [c, z] = 0, [d, x © t m ] = mx © t m , [x © t r ,y ®t s ] = 
[x, y] © t r+s + S r ^- S r (x\y) c for all z G g, x,y G g, m G Z, where ( • | • ) is the Killing form 
of g, normalized in such a way that (hi,hj) = . 

For g we define: / := {0,1,..., n} D Iq to be the set of vertices of the Dynkin 
diagram, and 1^ := I U {oo} ; A = (aij) i j eI the (generalized) Cartan matrix and 
D = diag(do, di, . . . , d n ) the diagonal matrix with relatively prime positive integral en- 
tries such that DA is symmetric (d = 1); f) := f) © C • c © C • d ( C g ) ; $ = $ + U 
(-<&+) ( C (f) © C • c)* C [)* j the root system, $ + = U the set of positive roots, 

{a , cti, ... , a n } = {ai \ i E 1} the set of simple roots, <E>™ = { m5 \ m G N + } the set 
of imaginary positive roots (where 5 = J2 ieI diCti = 9 + «o and 9 is the longest positive 
root of g), <E>^ = $ ,+ U { a + mS « 6 $o , m > } the set of real positive roots. Then g 
has a decomposition into direct sum of f) and root spaces g = f) © ( ffi Q6 $ g Q ) , and 

dim c (g Q )=l VaG$ re , dim c (f)) = #(/ ) = n V«£$ im ; 

therefore we define the set $ + of "positive roots with multiplicity" as $ + := <E>^ U $™ , 
where $™ := <E>™ x I ; then we denote p : $ + — > <E> + the natural projection map. 
Furthermore, we have: the root lattice (of g) Q = Xlae* ^' a = ©iei^' a i = a ©Qo = 
Qo©Z-5, Qoo := ^©Z-aoo (where a^G f)*) is the dual element to 5(g f))), and the order 
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relation < on Qoo given by a < (3 •<=>- (3 — a G Q+ , with Q + := J2iei ^ ' ai > ^ ne non ~ 
degenerate symmetric bilinear form on Qoo ®z K given by (ct;|<x,) = diCiij (V z, j G I), 
(«oo|Qo © ^ • ctoo) = 0, (ckqoI^) = 1; the group W = Wo x Qq , the subset of simple 
reflections {so, si, . . . , s n } = { |ie/}(CW), and the length function /: — > N ; the 
braid group B (associated to If), generated by {T , Ti, . . . , T n } = {Ti | z G i" } , and the 
section T:W^B such that T w = T il ■ ■ ■ T ir for all w = ■ • • Si r E W with /(«;) = r. 

1.2 The quantum group £/q($j). The quantized universal enveloping algebra U q (g) 
(cf. e.g. [Dr], [Lu2]) is the unital associative C(g)-algebra with generators 

Ft, ... , F n , K v ( v G Qoo ), Ei,...,E n 

and relations 



E ^K v 



K 



K^E % = qM^EiKp , K^Fi = q-^^F % K^ 



E F 



fc=0 



1 -a 



'13 
1- 



9i 



v>, f g Qoo 

V/i G Qoo, Vz G i" 
Vz,.?G J 



f; 



9i 



[m],l 



fm-n],![n],l ' 



o, £(-i) fe 



fc=0 



1 



a 



F 3 n 



Vz^j 



ni=i M, , K ■■= ^Efr , for all m, n, k, s E N+, 



where M 

L n J qr 

n <m, with [™] G Z [(/, g -1 ] . For later use, we define also 



(ck | ck) 



<?a := 9 2 Va G , ?a := g dl Va= (r6, i) G $™ , q l := q ai = q di 
A Hopf algebra structure on U q (g) is defined by (i = 1, . . . , n; fj, G Qoo) 
A(F) := F ® K_ ai + 1 <g> F , 5(F) := —F i K oli , e(F) := 



Vz G I. 



A(F M ) := F M ® F M , S(F M ) := F_ M , e(F M ) 



A(Fj) := F, <g> 1 + F Qi ® F, , := -F_ Qi F, , 



: 1 
0. 



Moreover, U q (g) has a natural algebra grading U q (g) = ® v eQU q (g) rj . 
We have a C-antilinear antiinvolution O : C/ g (g) — > U q (g) defined by 

n(q):=q-\ 0(F,) := F , Q(K V ) := K. v , 0(F,) := F , VzG/^gQoo 

and a braid group action on U q (g) wich commutes with O. 

Let t/~ be the subalgebras of £/q(ij) respectively generated by { Fj | z G /}, 

{ K v | z/ G Qoo }, { F I i e I }; let also ^ := = , ^ := U~-U Q q = U G q -U~ , 

to be called quantum Borel (sub) algebras: these are Hopf subalgebras of U q (g). Finally, 
multiplication provides linear isomorphisms ("triangular decompositions") 

U q (g) = U+ ® U° q ® t/- = U~ ® C/J ® 17+ 

U*<*U+®U°*iU%®U+, U^U° q ®U-^U-®U° q . 

Remark: In the definition of several choices for the "toral part" U q are possible, 

mainly depending on the choice of any lattice M such that Q < M < P , P being the 
weight lattice of g (cf. for instance [B-K]). All what follows holds as well for every such 
choice, up to suitably adapting the statements involving the toral part. 
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1.3 The DRT pairing. Let (U^)° P denote the Hopf algebra with the same structure 
of but for the coproduct, which is turned into the opposite one. Then a perfect (= 
non-degenerate) pairing of Hopf algebras n : x (U^)° P — > C(q) exists, defined by 

tv(K x , Kfj) := , tv(K x , F,) := =: ir(E h K„) , Tv(E t , Fj) := -J^ 

ft ~ ft 

for all i,j G I, \,fi G Qoo (cf. [Ta]). This is a graded pairing, i. e. n\^ v >^ x ^ u <yp^ = 

for all rj, ( G Q+ such that rj + £ 7^ (the grading is the one inherited from U q (g)), and 
so 7r|^>-j x ^ {/ <jo P | is non-degenerate, for all rj G Q + ; finally, we have 

ir(xK x ,y) = 7r(x,y) = 7r(x,yK fJ ) MxeUf, My G Uf , V A, n G Qoo ■ (1.1) 



§ 2 Quantum root vectors and PBW bases 

2.1 Ordering positive roots. In this section we sketch the construction of PBW 
bases, provided by Beck (cf. [Bel], [Be2]), following [Da2], §2. We can take a suitable 
function t : Z — > / (fixed once and for all) such that, letting 



Pk - $ 



s t (i)S t (2) • • • St(fc_i) (a t (fc)) for all fc > 1 

s t (o)St(-i) • • • s t (fc+i) («*(*)) for all fc < 



then k ^ /3 k defines a bijection of Z onto <E>+ , so that {/3a:|/c> 1 } = {r5 — a\r > 
0, a G $ ,+ } and {/3 fc |/c<0} = {r5 + a|r>0, «G $ ,+ } • 
Then one defines a total ordering on $ + as follows: 

Pi =< & r< & =< • • • =< At-i =< /3 fc =< &+i d • • • 

• • • r< ((r + 1)5, n) r< (rS, 1) r< (r*, 2) • • • ^ (25, n) ■< (5, 1) 1 (6,2) ^ ■ ■ ■ l (S,n) ^ ■ ■ ■ 

■ ■ ■ 1 (3_ {k+1) 1 (3- k 1 ■■■IP-2IP-1I Po 

2.2 Quantum root vectors. For 1 fixed as in §2.1, we define quantum root by 



w _ J T, (1) T t ( 2 ) • • •T t(fc _ 1) (£,(*;)) for all k > 1 

T 4 (i T tT-i) • • - T ^ + i) ( E ^)) for all k < 



E^ = E (rS4) := q^E.ErS-^ - E rS - a .Ei Vr > 0, Vz G 7 

- c 1 ) E^.o • cr := log ( 1 - (* - ft -1 ) • n t 2 - 1 ) 

r>0 V s>0 / 

F (r<M) := Q (E (r s,i)) V(r5,z)G$^, F a := O (£ a ) Va G $+ 
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To be complete, we define also F(o,i) = ^(o,i) := 1 =: F(o,i) = F(o,i) f° r all i £ Io ■ 
For later use, we define other imaginary root vectors by the recursive formulas 

1 

E {0Sji) := 1 , E (rSji) := - ^ E {aSji) E i(r _ a)Sji) V (r5, i) G $™ (2.2) 

L r J<?i s =l 

and F( r g^ := O ^.E^^ ; the relationship among the E^g^'s and the E^g^s is given by 

1 r 8 

E (0,i) = 1 = E (0,i) > E(r6,i) = — E (s6,i)E((r-s)6,i) V (r5, i) G $™ (2.3) 

r s =l L S J«i 

(cf. [C-P] , §3) and similarly with "F " instead of "E " . Definitions give 

E p e(U+) p V/3G$ r + e , E {rSji) ,E {rSji) ,E {rSji) e(U+) rS V r G N , /c G N + , i E Iq 

and similarly for negative root vectors, with n F " 's instead of "F " 's. Finally we recall the 
following property of imaginary root vectors, which will be useful later: 

All quantum root vectors attached to imaginary roots commute with each other. 

2.3 PBW bases and orthogonality. It is proved in [Be2] that the set of ordered 
monomials in the root vectors E a 's (according to the order -< on $ + defined in §2.1), 
namely the riae$ E% a 's (where the n a G N are almost all zero), is a C((/)-basis of 
similarly, the set of ordered monomials in the root vectors F Q 's is a C((/)-basis of 

U~. Since clearly { K a \ a G Qoo } = j LLe/oo K i li e Z ^ i e Io ° } is a c (<?)-basis 
of Ug, from triangular decompositions one concludes that the sets of ordered monomi- 

als EU* + n ieJoo ^ EU*+ ^ or n Qe$+ F?- n* eJoo II« e * + ^2" are C( ? )- 
bases of ^(fl), and similarly for quantum Borel subalgebras. From [Da2] we recall also 

7r(E a ,Ff3)= , 7r(F Q ,F 7 )=0, 7r(F 7 ,F a ) = Va, /3 G <F + e , 7 G 

tt(E W) ,F W) ) =^(o(z)o(j)) r s V(r,5,z),( S 5,j) G $7; 

these formulas are the starting point to build up orthogonal bases of and U~ . 

Lemma 2.4. For all r G N+ , let V r , resp. W r , be the C(q)-vector space with basis 
{E( r5}i) \i G I }, resp. {F {r5 ^\i G I }, and let {x r}i \ i G I } and {y r j \ j G I } 
be bases ofV r and W r orthogonal of each other with respect to it, namely Ti{x r ^,y r> j) = 

for alii ^0(i,jel ). Then { U k < ^MWe/o x r? " n*>o | n k ,n r>i G N Vfe, i } 

{ n fc <o^T •Ur&jei yTj ,i •Uk>o F S, h \^rn aJ G NVfc.j} are bases of U+ and 
U~ respectively which are orthogonal of each other. More precisely, we have 

*(n«- n • n *k ■ n ■ n c-nflp)- 

\fc<0 rEN + ,ieI k>0 h<0 s€N + ,j€l h>0 J 

I 



la 

' r€N,i€/o 



] I 3n a ,m a qa , _•. , n a ' 1 [ &n r!i ,m rti n r,i- ^{p^r,i i Dr,i) 

{q a -q a ) 



6 



FABIO GAVARINI 



Proof. This is just a variation of [Da2], Proposition 10.9, where a special choice of bases 
{ x rj i | % G Iq } and { y r j \ j G Io } ; but the sole point which is really necessary is just the 
orthogonality among such bases: once this is assumed, all the arguments used in [Da2], 
§10, to build up orthogonal (or even dual) bases go through as well without change. □ 



§ 3 Integer forms 



3.1 The ground ring. As our main goal in working with quantum groups is to 
specialize them at roots of 1, we need integer forms of them defined over some ring in 
which (q — e) be not invertible, e being any fixed root of 1. So let be the set of all roots 
of 1 (in C) whose order is either 1 or an odd number £ with g.c.d.(£,n + 1) = 1 if g is of 
type A n , £ £ 3N + if g is of type E 6 or G 2 ; then set 

R s := C[<?] (g _ e) = {/ G C(q) | / has no poles atq = e}^eed\, R : = Q R e ; 
in particular, Z [q, q~ x ] C R C R e . Later on we shall need to inverte the determinants 



del 



VreN 



+ 



of course we have A r G Z [g, g x ] , whence in particular A r e R C R s . Here is the explicit 
description of the A r 's, according to the type of g : 





[n+l] qr 




-B n : 


[2] 9 ( 2 „-l)r 




[2] g (n+l)r 






[ 2 ] 9 (n-l)r • [2] 9 r 


Eq 




"I) 




[2],r • QV - 1) 


E 8 


[V + [V 


- [V - 1 




[V - 1 


G 2 




+ [V - [ v - 1) . 







Note that, if e G SH, then A r _ 7^ for all r G (by the very definition of R e ); 



thus A 



\q=e 

is invertible in each R F , whence also in R . 



3.2 Lusztig's integer form. Let us define the (/-divided powers, namely 

t r-.s- ! 1 ' - (r-.s— 1 ) r^— 1 



! 



7Q; c 



n 



ir s+1 



K . _ qr (c-s + l) K . 



E 



(m) 



for all z G /, £, m, t G N, c G Z. Then let ii q (g) be the .R-subalgebra of U q (g) generated by 

% G 7, £,m G N j ; 



F W E (m) K ±! 



this is a Hopf .R-subalgebra of {7 g (g) (cf. [Lu2]). We set 



HI 



il g (g)nt/-, ii; : =ii,(0)nt/J, ii+:=ii g (s)nt/+; 



then (cf. [Lu2]) it , resp. 11° resp. 11+ is the .R-subalgebra of ^(g) generated by < F r/ 



ielJeN 



q 

j, resp. j [ 



Ki\ c 
t 



±1 



% G Iq , t G N, c G Z 



j, resp. j 



(m) 



i G I, m G N 
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Set 

iif :=\X q {g)f\Uf, iXf:=iX q (g)nU^; 

then il^, resp. il^, is the .R-subalgebra of U q (g) generated by il~ and ii q , resp. by il q and 
moreover, both il^ and it^ are Hopf subalgebras (over R) of il g (g). 
The triangular decompositions in U q (g) induce similar decompositions in namely 

=iij <8)iX+ , ilf (g)il°; 

which still are given by multiplication. Finally, the £>-action on U q (g) restricts on ii q (g). 

Remark: Some comments about the "toral part" il° of ii q (g) are in order again. As 
in the finite case, several choices are possible: here we made the "minimal one", for we 
decide simply to take as ii q (g) the smallest .R-subalgebra containing the (/-divided powers 
of Chevalley generators Ei, Fi (for all i) and stable for the £>-action. 

3.3 Beck-Kac's integer form. Define renormalized root vectors by 

E a := (q a - q- 1 ) E a , F a := (q' 1 - q a ) F a , VaG$ + ; 
(note that F a = fi (E a ) ), and let U q (g) be the .R-subalgebra of U q (g) generated by 

{ F a , K„, E a | a G , n G Qoo } . 
Then (cf. [B-K]) U q (g) is a Hopf subalgebra of U q (g), with PBW basis over R 

li G Z, n a , m a G N, Vz, a ; almost all n a = m a = 



| n ^ n ^ n ^ 

I ae$+ ie/oo ae$+ 



(here again the monomials are ordered!); the latter is also a C((/)-basis of U q (g) : hence 
U q {g) is an i?-form of U q (g); furthermore, it is a Hopf subalgebra of U q (g). If we define 

U-:=U q (g)nU-, U q :=U q (g)nU^ U+ :=U q {g) DU+ ; 

then resp. resp. W+, is the i?-subalgebra of U q (g) generated by { F a | a G <E> + }, 
resp. { i^ 1 | i G 1^ }, resp. { E a | a G }. Letting also 

Z^:=Z<,(fl)nC^, :=W g (fl)nt/|, 

we have that W^, resp. W^, is the i?-subalgebra of U q (g) generated by U~ and U q , resp. by 
W° and W+; moreover, both and U^- are Hopf subalgebras (over R) ofU q (g). 

The triangular decompositions in U q (g) yield similar decompositions in U q {g), namely 

U} = U+ ® U° q = U° q ® U+ , Uf = U° q <g> W " = W " ® U° q 
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where all the isomorphism are provided by multiplication. 

It is clear now that PBW bases over R also exist for the previous subalgebras of U q (g): 
for instance, the set of ordered monomials in the E' a s is a .R-basis of W+; similarly, 

ti G Z, m a G N, almost all m a = } is a .R-basis of , etc. 



FT fm a . TT jy-ti 



Remark: The previous definitions and results are originally stated in [B-K] with R e as 
ground ring; but since they hold for all e G SK, one concludes that they hold over R too. 



§ 4 The main PBW theorem 

4.1 q— divided powers. We extend the notion of (/-divided powers to the root vectors 
attached to non-simple roots. To begin with, set 

r 



E a :=E a VaG$ r + e , E (rSji) := j^- E (rSji) V(r<S,i)e*+ 

qi „ (4.1' 

F a :=F a VaGd> r + e , F (r<M) : =_^F (rtf)i) V (r<5,z) G <&f 

note that _F Q = fi ^-E^, E a =£l (Fc^J- Then define (/-divided powers of root vectors by 



E (k) = R(fc) ._ ^ ._ ^W) 



[ qa . Va G $ r + e , (r<5, i) G $™ , k G N (4.2) 

a - a • r^i , , • fc . 

Lemma 4.2. For a// a G <&+ , k G N , we /iaue Fi fc) G 11+ , G il" . 

Proof. It is enough to prove the claim for the F's. 

If a G , then a = w(oti) for some w e W and some i 6 J: then F a = T TO (E^) by 

definition, so that i?i fc) = T w } ) for all G N. But U g (g) is ^-invariant (cf. [Lu2]), 

in particular T w (ilq(fl)) = Hq(fll) , hence F^ G Hq(fli) , q.e.d. 

If a G $™ , say a = (r8, i) , we proceed as follows. Consider the (imaginary) root 
vectors E( r g^ ((r8,i) G $™) defined in §2.2: of course they lie in £7+ ; but even more, it 
is proved in [C-P], §5, that in fact it is 

F (r5)i) Gil+ V(r5,z)G$V m - (4-3) 

Now, the relationship between the F^^'s and the F^^'s is given by (2.3); reversing 
that formula we get 

-r^— F (r5ji) = -rq- r E {rSjl) - Qi~ r -F^- E {hS ,i)E«r-h)6,i) V(r5,z) G $™ 
vki h =i [ hi 
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which in terms of E^ t g^s reads 



r-l 



E(r6,i) = —rqt r -E'(r5,i) - ^ Qj r E(h5,i)E 



((r-h)5,i) 



V (rS, i) G $7 ; 



h=i 



this together with (4.3) gives us by induction 

E {rS , t) elX+ VrGN 

whence clearly E^] ^ := ■ E k [rS ^ G il+ , q.e.d. □ 
Definition 4.3. 



n #. 



(m Q ) 
a 



n Q G N Vi,a; almost all n a = >, 



U G N Vz G I 



m a G N Vi, a; almost all m a = >. 



Ent(ti/2) 


~K t - 0" 








9i 



(where Ent(x) := integer part of x ). Then we define U q , resp. , resp. U q , to be the 
R-submodule of Uq , resp. Uq, resp. U~ , spanned by Q3 + , resp. QSo, resp. 

Remark: By §2.3 it is clear that (* G {+,0, — }) is a C(g)-basis of U*, hence U* is 
a free i?-module, with 23* as an .R-basis. 

Lemma 4.4. U q = il° ; in other words, 23o is a basis of il° over R. 

Proof. The proof is the same as in the finite case: see [Lul], Theorem 6.7, and references 
therein. □ 

Definition 4.5. Let K be any field, let A and B be two K -algebras, and let tt : A®B — > 

K be a perfect K -bilinear pairing; assume k is a subring of K and A, resp. B, is an integer 
form of A, resp. B, over k. We say that A is the k-dual of B (with respect to it) if 



A = | a G A 7T (a,tj £k VfteflJ. 



Proposition 4.6. Ug andU q , resp. U q and Uq , are R-dual of each other with respect 
to the DRT pairing. 

Proof. Consider a positive imaginary root rS, r G ; from §2.3 and definitions we have 



7T ( E( r x_A\, F, 



(r<5,i)> r (rS,j) 



{o(i)o(j)) 



{o(i)o(j)Y [ay] r Vi,jel 
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Consider the matrix 

M r := {{o{i)o{j)) r '[Oij] , 

we have det(M r ) = ±A r , thus det(M r ) is invertible in R, so the inverse matrix M" 1 = 
)i j e j nas au its entries in R ; then define a new basis { J~(r5,j) \ J ' £ -^o } of by 

By construction, we have now 

^(r(J,i)> = &ij Vz, j G / • 

Moreover, since Hij G R (for all z, j) and imaginary root vectors commute with each other, 
the set B- of ordered monomials 

ipr- n w-n^ 

/i<o seNje/o h>o 
is again an i?-basis of U~ . The end of the story is that we can apply Lemma 2.4, hence 



7T 



v fc<0 reN + ,i€i"o fc>0 ft<0 seN + ,j6i"o ^>0 

in particular, the last term is invertible in the ground ring R. 

Now let x G £7+ : since 03+ is a basis of over C(g), we have x = J2be& Xb ^ f° r 
some Xb G C(<?) (almost all zero). 

Suppose 7r(x, y) E R for all j/ G W~ . Let 7^ : by the previous analysis, there exists 
a (unique) monomial (3' in the PBW basis £>_ of W~ such that 

tt(x,P')= Xb-n(b,0') =x y q s 
beB+ 

for some s 6 N; since tt(x, /?') G -R by hypothesis, we have G R. We conclude that 
x G £7+ . Conversely, if Xb G -R for all b G 23+ , then for any monomial (3 in £>_ we have 

7r (x, (3) = ^ • tv (6, /?) = £;/(/ s G -R 

for a unique b' G £>+ and some s G N, whence tt(x, y) E R for all y G W~ . 
As 23+ is an .R-basis of the proof is completed. □ 
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Theorem 4.7. 11+ = C/+ ; in other words, <B± is a basis of H+ over R. 

Proof. By Lemma 4.2 and the definition of *B + we get *B + C 11+ , whence £/+" C H+ . On 
the other hand, thanks to Proposition 4.6 the converse inclusion will be proved if we show 
that tt (11+ ,U~) CR. The "-" case will follow applying O. 

Consider (i E I, k E N) ; when pairing with any monomial T in £>_ , the 

formula in Lemma 2.4 — cf. also the proof of Proposition 4.6 above — gives 

tt [Ef\T) =0 vr±P2i\ * {4 k \F k a ) = a s 

for some s E N; in particular, tt e therefore E$ k) E U+ for all % E I,k E N. 

But now remark that £7+ is closed for multiplication, so that 11+ C £7+ , q.e.d. In fact, 
let f,gE Uq ; since 7r is a Hopf pairing, we have 

K(f -g,y) = n(f ®g,A(y)) 
for all y E U~ C ; but is a Hopf .R-algebra, hence A(y) = Yl(y) 2/(i) ® V(2) with 
2/(i) » 2/(2) e , and so 

n(f-g,y) = n(f®g, A(y)) = ^7r(/,2/(i)) • 7r(f, 2/(2)) e q.e.d. □ 

(v) 



Remark: Notice that, if e G 9t has order £ greater than 1, then [r] 



= or all 

<j=e 

r E £N + ; similarly, [n Q ] ! = for all n a > £ : this means that both [r] and [m a ] ! 
are not invertible in R e , hence — a fortiori — no more in R . Therefore the occurrence of 
coefficients (t^)"^ ("hidden inside" E^ i}) ) and ^^-y ("hidden inside" ), 
multiplying a monomial of Beck's basis for £/+" , is really significant. 

We conclude with our main result (a second PBW theorem is proved in §5): 

First PBW Theorem 4.8. The sets of ordered monomials <B + -<B -25- o,nd 2$--2$cr®+ 
are bases of il g (fj) over R . 

Proof. Trivial from Lemma 4.4, Theorem 4.7, and triangular decomposition (cf. §3.2). □ 



§ 5 Generating series, the classical framework, and beyond 

5.1 Changing imaginary root vectors. Let us consider sets of countably many 
variables X = {X r } reN , with X = 1 . Let such a set X be given: we define a new set 

Y = {Xs} seN via the following relation among generating series: 

oo / oo \ 

^y s -C s =ex P hT^-C" ; (5.1) 

s=0 \r=l / 



12 



FABIO GAVARINI 



(here ( is any auxiliary symbol) notice this agree with Y = 1 . This is a variation on a 
classical theme: the Y" s 's above are certain normalizations of the well-known complete Bell 
polynomials (cf. [Co], §3.3). We shall shortly denote any "change of variables" given by 

(5.1) with X >~ w Y or X >- w Y , and then write Y = * (X) . The converse change, to 

be denoted Y >~w X or Y X or X = $ (Y) , with $ = , is given by 

OO / OG \ 

Y,Xr-C = \o g r£Y s -C) . (5.2) 

r=l \s=0 / 

Differentiating (with respect to () and comparing the coefficients of ( r on both sides gives 

r — 1 r 

rY r = rX r + J2 sX s Y r _ s = ^ sX s Y r _ s Vr G N+ (5.3) 

s=l s=l 

which is a recursive rule to compute the F r 's starting from the X s 's, i.e. to compute 
Y = $ (X) . Reversing (5.3) gives the rule to compute X = $ (Y) , namely 

r-1 

rX r = rY r - ^(r - s)Y s X r _ s Vr G N + . (5.4) 

s=l 

Conversely, if X and Y verify (5.3) or (5.4), then Y = * (X) and X = $ (Y) . 

All this applies to our various sets of imaginary root vectors: for every i G Iq let 



i : ={^W)} reN > E * : = {£(r«5,i)} r€N , Ei := {^(^)} reN ' E * := {^(^)} r 
(ft - ft" 1 ) Ei := {- (ft - ft" 1 ) E {rS ,i)\ , (qi - ft" 1 ) := - q' 1 ) E (rSji) } 



(rS.i) 

* \ r 



the relations in §2.2 tell us that: — (<& — ^ 1 ) E ; (^ — q i 1 ) E j , by (2.1), and simi- 
larly, by (2.3), -^E.^E,. 

5.2 The classical setting. Recall that il g (g) is a quantization of U(g), that is we 
have an isomorphism (of co-Poisson Hopf algebras) 

U q (Q)/(q-l)UM = U(Q). (5.5) 

The construction of the previous section are strictly related with some classical ones, 
inside U (g) . Namely, let gz be the Lie subalgebra of g generated over Z by the Chevalley 
generators (assumed to be given) of g ; one can locate a Chevalley basis of g, i.e. a Z-basis 
of gz ■ Now let Uz (g) be the Z-subalgebra of U (g) generated by the divided powers of 
the Chevalley generators: this is the classical counterpart of our lt g (g), and the problem 
of finding a Z-basis of it is the classical analogue of finding an .R-basis of il q (g). The 
construction of a Z-basis of Uz(q) resembles that for the finite dimensional semisimple 
Lie algebras, but for one point, regarding imaginary root vectors. 
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Following [Mi], §4, pick out of the Chevalley basis of g the subset { ep | (3 G } of 

root vectors attached to positive real roots and the subset { e^ r g^ | (r5, i) G &™ } of root 
vectors attached to positive imaginary roots with multiplicity. For all % G Iq , k G N + , 

define a new set A,- := < A^ \ by the change of variables 

{7 S (r-w,o} pgN ^{ A [iil} aeN . inshOTt Ai fc> ==*(|S(w,o) • ( 5 - 6 ) 

Now fix an order on the Chevalley basis of g, let := denote usual divided powers, 
let gj := gz f] > an d set C7z (g + ) := Uz (g) fit/" (g + ) (this is the classical counterpart 

of our U^"). For any (^a) a€ $ G N $+ such that all but a finite number of n Q 's are zero 
define the monomial M + ((™a) a€ ^ + j to be the ordered product of the elements , 
Ar 7 ^ i for all (3 G <E>+ , (r5, z) G <E>™ . The importance of the new sets of imaginary 
root vectors (for all i G Jo ) lies in the following result, due to Garland: 

Theorem 5.3 ([Ga], [Mi]). The set of all monomials M + (( n a) ae< |, + j defined above is 
a Z-basis of U% (g+) . □ 

5.4 Quantum versus classical imaginary root vectors. Comparison shows that 
Theorem 4.8 is not the direct (/-analogue of its classical counterpart, Theorem 5.3. 

First, Theorem 4.8 involves divided powers of imaginary root vectors, whereas Theorem 

5.3 involves the .j's, which are not divided powers of imaginary root vectors; in 

this respect, the quantum result is somewhat nicer than the classical one. 
Second, notice that in the isomorphism (5.5) one has 



E a 



= e a V« G $ r + e , E {rSji) = e (rSji) V(r5,i) G ; (5.7) 



9=1 



q = l 

now, the imaginary root vectors involved in Theorem 5.3 are built from those in the Cartan 
basis — the e^.fc^'s — (up to normalization) through a change of variables "of type 

on the other hand, in the quantum setting one starts from the EV^^'s - - which are 
the g-analogue of the e^.^^'s, thanks to (5.7) - - but then the imaginary root vectors 

occurring in Theorem 4.8 are built from the E^g^'s (up to normalizations, for Ej is a 
renormalization of E i ) through a change of variables "of type $" ; in other words, starting 
from the same point the search for new suitable imaginary root vectors in the quantum 
case goes in opposite direction than in the classical setting. 

Nevertheless, from Theorem 4.8 we can prove a second PBW Theorem, modeled on the 



classical one. To begin with, applying (5.4) o — (<& — q i x ) E ; >- w (^ — q i 1 ) Ej gives 

r-l 

r {qi - qi 1 ) E(r5,i) = ~r {qi - q~ X ) E (r5ji) + J^(r - s)(ft - q~ X ) E {s5ti) E {{r _ s)5ji) 

s=l 

which, dividing by {qi — q^ 1 ), implies 



E(r5,i) 



q = l 



— —E( r s,i) 



= -e ( r«,i) V(r5,.)G$V m ; (5-8) 
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furthermore, we have 



= -e(r*,i) V(r5,z)G$V m . (5.9) 



Now define a new set of imaginary root vectors E ^ = I M^K \ (fee N + ) by 

-«ti iW : = {-^,,,} r€[ A{^„} <eN =:Efl (5.10) 
(in particular, E^ = Ej , by definitions); explicitly, it is (for all r, k G N + , z G Jo ) 

*S == 1 , <l] == -7 E «? "l^^-W,*)^-.);,-] V (r8, i) G *f . (5.11) 
Since Ej C il + , we have also E j(fc) C H + , whence IE C Hj~ ; moreover, from (5.6-10) 



q 

we have E [ 



= A,- fc ^ : in other words, the E, ■ .-,'s are o-analogue of the Ar .,'s. 

g=1 1 ' M y ta [r;i] 



Now we are ready for our second PBW theorem, which strictly mimicks the classical 
one. First a further definition: for any { n a) a€ ^ £ such that all but a finite number 

of n Q 's are zero define the monomial M.~^ (( n a) ae< j + j to be the ordered product — with 

respect to the order of $ + fixed in §2.1 — of the elements E^^ , E\ r ^ , for all /? € , 



(r<5, i) G <E>™ ; similarly define M q y(n a ) ae j + J by means of negative root vectors (with 
jj^lj := O ^[r-l]) °^ course )> an d call the set of all monomials M.^ {{ n a) ae ^ + j • 

Second PBW Theorem 5.5. 

(a) , resp. , is an R-basis of H + , resp. it~ . 

(6J JTie sete «b£ ] • <B • SB- 1 and <B l l ] ■ <B • »+ are #-&ases o/Hg(fl). 

Proof. Of course (7^ follows from fa,) and triangular decomposition. 

As for (a,), we proceed as follows. Inside U (q + ) we have the basis provided by Theorem 
5.3 and the usual basis of ordered monomials in the positive root vectors (of the given 
Chevalley basis): in particular, the first basis involve imaginary (positive) root vectors 

~ a (k) 

e (r-k5,i), whereas the second one involve the A^.^, and the relationship among the two 

kinds of vectors is given by - 1 - e(k5,i) ^1 ■ As they are both bases of U (g + ) over C, 
the matrix of basis change has entries in C (even more, in Q) . 

Now, the situation in the quantum context is exactly the same; consider the set %$' + 
defined like 23+ but for the fact that every E( z $^ is replaced by qfE^^y. of course 03+ is 
again an .R-basis of 11+ (thanks to Theorem 4.7). Then <B' + and 23^ differ only in the fact 
that they are built up in the same way but for the use of -j- ^— of'*E i(k)J in the first case 

and E^' in the second one, and their link is again given by - 1 - ^— af'*E i(k)*j >— ~*E^ . 

Therefore in force of the previous analysis these two sets must have the same C-span (even 
more, the same Q-span), whence the claim follows. □ 
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E (k) 



— Hp , ni 1 

q=l 



5.6 Integrality questions and beyond. Our constructions and results assume R as 
ground ring; on the other hand, Lusztig's original definition of ii q (Q) takes Z [q, (/ _1 ] as 
ground ring: thus the question arises of extending our results to such a setting. 

Conjecturally, the definition of Beck-Kac's integer forms and their properties should 
hold as well over 

(a) the smaller ring C [(/,(/ _1 ] ; 

(b) the even smaller ring Q [q, (/ _1 ] ; 

(c) the smallest ring Z [(/,(/ _1 ] . 

If W is anyone of the above rings, let Sw be the multiplicative part of W generated by 
{ A r | r G N+ } , and set W s := S^W . 

In case (a) or (b) would be true, it is immediate to check that all our arguments would 
go through as well if the ground ring is C [</,</ _1 ] 5 in case (a) or if it is Q [</,</ _1 ] 5 in 
case (b). Case (c) is more tricky. First of all, we remark that an argument used in the 
proof of Lemma 4.2 can be refined: namely, formula (19) in [C-P] shows that in fact E( r s,i) 
belongs to the Lusztig's form defined over Z [q, ; therefore, the same steps in the cited 
proof tell the same is true for E( r s,i) too, but this does no longer imply that the same 
holds for its divided powers E^ s ^ (k G N). In fact for sure Theorem 4.8 cannot hold 
over Z [</,</ _1 ] 5 , because otherwise by specialization at q = 1 it would imply — since 

= e!^ , for all (3 G , 7 G ^Ip 1 — that the set of ordered 

products of divided powers of root vectors is a Z-basis of U% which is faise. 

Things change for Theorem 5.5: its statement is really a (/-analogue of the classical one, 
which relies on Theorem 5.3. This lead us to make the following 

Conjecture A. 

(a) ?b[^ , resp. SB^ , is a Z [q, g -1 ] -basis of the Lusztig's form ofU^, resp. U~ , defined 
over Z [q, q~ x ~\ . 

(b) The sets &* ] ■ % • "B- 1 and SB^ • ^0 • »+ are Z [q, q' 1 ] -bases of the Lusztig's 
form of U q (o) defined over Z [q, q -1 ] . 

Furthermore, basing on the classical construction we can sketch an alternative approach. 
Recall that in the classical setting to achieve a PBW theorem over Z one begins by the 

change of variables (5.6), i.e. { &( r -k5,i) } re pj {"^[r-i] } : sucn a change is described 

either by a relation between generating series — namely any one of (5.1), (5.2) — or by a 
recursive formula — any one of (5.3), (5.4). In fact, in the original approach, to be found in 

[Ga] , the 'g are defined by means of a derivation operator and a multiplication operator 

(one for each i ) acting on the e^.^^'s; and then one finds that the A^'s verify the cited 
recursive formulas. As a first attempt, one might try to "quantize" this method: exactly 
this is partially done in [C-P]. There the (/-analogue of the A^'s, namely the E( rS ^ 's 

( = E^}q ), are defined by means of (2.2), which is nothing but a straight quantization of 

a recursive formula of type (5.3): after this the properties of the eQ}^ 's are obtained by 

working with a derivation operator and a multiplication operator which are the (/-analogue 
of those used by Garland. To complete the task, one should generalize this by defining 
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new vectors E^}^ for all k G N + . First rewrite the right hand side formula in (2.2) as 

Qi 



{r) q r*E { r5,i) := £ ( s ) 9 " 2 {j^Z7 ^r-.)8,i) V (r8, i) G *f 

where we used the well-known notation (z) q := q ~* ; this gives (2.2) the shape of a 
relation of type (5.3). Now generalize this defining ji?^ j by means of 



r 



( r V^M ■= E ( s ),r 2 jf~ ^-^) ^s);i] Vz G Jo , r, G N + (5.12) 



Since E< 



• / (s<5,i) 



(fc) 



= A r (fc> , , i.e. the 



q=l ™ 



= e (s5)i ) and (r) -2 = r , definitions give Br •, 

g=l 1 lg=l L ' J 

' (fc) > (fc) * ffcl ■ 

Ey r ;^ 's are Q-analogue of the A^ 's; the same is also true for the E^ r ,^ 's (cf. §5.4) and in 

fact E^\, = E( r xj\ = eI 1 ^.-, , but in general it is E,.-, ^ E, .-, . Therefore, if we define the 

set just like the <8+ but for using the 's instead of the -E 1 ^ 's, and similarly for 

5B_ , then the following statement should be the most proper (/-analogue of the classical 
PBW theorem over Z (relying on Theorem 5.3): 

Conjecture B. 

(a) , resp. , is a 7h [q, o _1 ] -basis of the Lusztig's form of U q , resp. U~ , 
defined over Z [q, o _1 ] . 

(b) The sets 23^ ■ <B • 95- } and *B^ > • <B • SB^ are Z [g, g" 1 ] -bases 0/ the Lusztig's 
form of U q (g) defined over Z [q, o _1 ] . 

A way to prove the previous conjecture might pass through the following alternative 
approach: quantizing the method in [Mi] instead of that in [Ga]. In fact in [Mi], one 

defines the A^'s via (5.1) — or (5.2), it is equivalent — then establishes several relations 
involving generating series, exponentials and logarithms, and finally from these recovers 
Theorem 5.3 (and the most general result for the whole Uz(g) ). So in order to quantize 
this track, one should try to directly quantize (5.1), (5.2), instead of (5.3), (5.4), then 
find g-analogues of the classical relations among generating series and the other functions 
involved in the "quantized (5.1), (5.2)", and from these achieve the claim of Conjecture B. 
Here we sketch some ideas which might lead to complete at least the first step. 
Starting from (5.2), one gets (5.3) by 

X(C) = log (Y(0) =► 2>(X(0) = ^y^~ *>( Y (0) =z>(x(0) • y 

(where X(£) := Yl^Lo -^r"C r > ^(0 '■= ^2^Lo 'C s ? an d T> denotes derivation with respect 
to and comparison of coefficients of (t G N) on both sides. Then the coefficient r, 
resp. s, in the left, resp. right, hand side of (5.2) just arises from V (C r ) , resp. V (( s ) . 
Similarly, in (5.12) there are coefficients (r) q -2 and (s) q -2 which should come out in a 
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similar way: thus, consider the skew-derivation T> q : A((Q) — > A((Q) (here A is any 
algebra containing the variables involved, namely the X r 's, the Y" s 's, and so on) defined by 

v q : /(C) - (v q {f)(0 ■■= /( (g ) _~i ) / c (0 v /(0 e M(0) ; 

then we have V q (( n ) = (n) g C n_1 (n e N) , hence £> g - 2 would fulfill our requirements. 
Second, a suitable function A<ry 9 ((/-analogue of the logarithm) should be found such that 

2> ff - a (Aot 9 - 2 (if)( C ))) = P ' r -l E >f c > ) ( ° ) (where E<*>(C) := E^o^ ' ^ to this 
end, it should be useful the relation among generating series 

M k) (c 2 c) = U - (© - gr 1 ) E ■ c r ) • e<* >(o 



r=l 



which arises from a reformulation of (5.12) 
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